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Estimation of Acid-Hydrolyzed Cellulose Fiber Size
Distribution with Exponential and Rosin-Rammler (R-R)
Laws
Weijiang Duan,a Zhong Liu,a,* Pengtao Liu,a and Lanfeng Hui a,b
A new method was developed to characterize the cellulose fiber (hardwood
dissolving pulp) size distribution after 50 wt% sulfuric acid hydrolysis at
different hydrolysis temperatures with exponential and Rosin-Rammler (RR) laws. The results show that the two above laws can be effective to explain
the cellulose hydrolysis process. The exponential and the R-R laws were
found to be well fitted to the sulfuric acid hydrolyzed cellulose fiber length
distribution. The cumulative number distribution from Fiber Tester was
shown to fit the exponential distribution well, while the cumulative mass
distribution obtained from the acid hydrolysis was found to be suitable to the
R-R law via an approximation process. The results from SEM analyses also
supported the above conclusions. This approach can be used to
characterize the cellulosic fiber properties before a further process of
biorefinery, nanocellulose preparation, or other application of lignocellulosic
fibers.
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INTRODUCTION
Cellulose, the most abundant bioresource in nature, is the most important source
for the preparation of related down-stream products, such as glucose (Sakdaronnarong et
al. 2018), disaccharides (Kwan et al. 2018), oligosaccharides (Wang et al. 2017),
microcrystalline cellulose (MCC) (Wu et al. 2017), and cellulose nano-crystals (CNC) (Yin
et al. 2017) etc. It is well known that most of the products mentioned above are produced
via an acid hydrolysis process. Sulfuric acid is one type of high-efficiency, low-cost solvent
and catalyst that has been commonly used to hydrolyze cellulose fibers to obtain the desired
products. For example, Gårdebjer et al. (2015) obtained CNC colloid suspensions via a 64
wt% sulfuric acid hydrolysis. Dussán et al. (2014) subjected sugarcane bagasse cellulose
to 2 wt% sulfuric acid hydrolysis to produce glucose or disaccharide solutions. Thus, how
to characterize or evaluate the properties of bioresources, such as fiber length distribution
following sulfuric acid hydrolysis, is a relevant topic for study.
Many reports have been published on obtaining cellulose fiber length or studying
fiber length distribution with various methods. For example, Hertel and Zervigon (1936)
first proposed a theory that used an indirect fibrograph method to determine cotton fiber
length from a non-mathematical point of view. Zeidman et al. (1991) investigated cotton
fibers and employed the short fiber content as a parameter to describe the range and shape
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of cotton fiber length distribution. Tasman (1972) reported that the fiber length distribution
of white birch was approximately in line with Gauss’s law. Yan (1975) and Kropholler and
Sampson (2001) found that the length distribution of papermaking cellulose fibers followed
a log-normal distribution. Krifa (2008) found that cotton fiber length distributions
conformed to a mixture of two Weibull probability density functions. Kuang et al. (2015)
also reported that the multimodal mixed Weibull distribution was well-fitted to the yarn
fiber length density function when used to predict fiber unevenness. It has been reported
that size distribution data are most commonly presented as log-probability plots of diameter
versus the cumulative volume percent oversize, which give straight line plots if the
distribution is log-normal (Smith and Jordan 1964).
In addition, it has been evidenced from the study of Morris and Warburton (1984)
that the curve fitting of size and size distributions of solid particles (0.01 to 100 μm
diameter), such as three-walled w/o/w microcapsules, can be used to model size-frequency
plots with distribution equations, for example, exponential and Rosin-Rammler laws.
However, it has not been reported to estimate the cellulose fiber length distribution after
sulfuric acid hydrolysis with the two aforementioned log-normal equations.
In this study, a new method to estimate the cellulose fiber length distribution
following 50 wt% sulfuric acid hydrolysis with exponential and R-R laws was proposed.
Two issues in this study should be addressed beforehand: 1) why a 50 wt% concentration
of sulfuric acid in this research was selected; and 2) why exponential and R-R laws were
applied in the paper to estimate the cellulose fiber length distribution.
As for the first issue, the selection of 50 wt% sulfuric acid concentration was based
on previous research. Barbash et al. (2016) found that when the acid concentration was
higher than 50 wt% in the hydrolysis process, the sulfuric acid destroys both the amorphous
and crystalline regions of cellulose, which would be hydrolyzed into glucose absolutely. In
contrast, the sulfuric acid molecules in a weak sulfuric acid concentration (less than 50
wt%) could not penetrate into the inner core of cellulose fibers, and then insufficient
hydrolysis could lead to a heterogeneous cellulose fiber suspension that would negatively
impact the experimental results (Chang et al. 2010). Based on the discussion above, the
selected sulfuric acid concentration (50 wt%) was deemed a reasonable choice for this
study.
As for the second issue, in general, two methods were mainly used to characterize
the rock fragmentation: statistical and physical (Elek and Jaramaz 2005) methods. In
statistics, the rock fragmentation model by Turcotte (1986) was based on an exponential
relationship between the particle size and the cumulative number of rocks. Furthermore,
rock fragmentation not only involves a statistical problem, but also a physical process. The
2-parameter Weibull distribution, which is also called the Rosin-Rammler (R-R)
distribution, is usually utilized to represent the rock particle size distributions generated by
grinding, milling, and crushing operations (Rosin and Rammler 1933). In addition, the RR law was used to describe the particle size distribution of incineration bottom ash
(Farizhandi et al. 2016). The R-R equation has been used to describe the particle size
distribution of powders. Thus, the particle size was substituted with fiber length in this
study. The cumulative exponential distribution, as well as the cumulative R-R distribution,
were applied to predict the cellulose fiber number. This study is to put forward a new
method to estimate the cellulose fiber length distribution following 50 wt% sulfuric acid
hydrolysis with exponential and R-R laws.
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EXPERIMENTAL
Materials
Hardwood dissolving pulp, obtained from Shandong Sun Paper Industry Joint
Stock Co., Ltd. (Shandong, China), was used as the raw material. This pulp has a moisture
content of 5%, α-cellulose content of over 95%, and the average degree of polymerization
(DP) of about 700. The pulp fibers were subjected to grinding process and followed by
passing through 5,000 mesh screen. Other chemical reagents, such as sulfuric acid (98 wt%,
AR-grade) and sodium bicarbonate (AR-grade) were purchased from Sigma-Aldrich
(Shanghai, China) and used without further purification.
Methods
Acid hydrolysis
Sulfuric acid (98 wt%) was first carefully diluted to 50 wt% with deionized water.
Dissolving-grade pulps fibers (1 g, air-dried) were then placed into a beaker, followed by
the addition of the as-prepared 50 wt% H2SO4 under continuous magnetic stirring to
disperse the cellulose fibers well. The acid:cellulose ratio was 50:1 (g/mL) according to
the previous report (Fortunati et al. 2013). The reaction systems were then subjected to a
thermostatic control unit at 50 °C, 60 °C, and 70 °C, individually, and the hydrolysis
process duration sets tested individually were 15 min, 30 min, 45 min, 60 min, and 90 min.
At the end of the reaction, the resulting suspensions were diluted with 10 times cold
deionized water to terminate the reaction. Then, the obtained suspension was centrifuged
and neutralized with a NaHCO3 solution for further analysis.
Fiber length measurements
Subsequently, the cellulose fiber length of the control and treated samples were
measured using a L&W Fibers Tester (ABB Lorentzen & Wettre, Kista, Sweden) based on
image analysis. All of the tests were conducted three times for each sample, and the average
of all three was reported.
Scanning electron microscope (SEM) analyses of cellulose fiber
Cellulose fiber morphology derived from different sulfuric acid hydrolysis was
investigated by SEM micrographs recorded with a JEOL JSM 6390 LA scanning electron
microscope (JEOL JSM 6390, Tokyo, Japan).
Exponential distribution
The exponential distributions of the control and treated samples were obtained via
the exponential law, as shown in Eq. 1,
𝑥

−𝐷f

𝑁𝑖 = 𝑁0 exp[(𝑥 𝑖 )
0

]

(1)

where Ni is the number of fragmented elements of length xi at the ith iteration step, N0 is the
number of initiators of length x0 at i = 0, and Df is a free parameter.
The cumulative form of the exponential law can be used for fitting the data of the
cumulative length distribution, as shown in Eq. 2:
𝑑 𝑚

(2)

𝐹(𝑑) = 1 − exp [− ( ) ]
𝑙
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Finally, the linear exponential function can be obtained by a mathematical transformation
of Eq. 2, as shown in Eq. 3:
(3)

ln{−ln[1 − 𝐹(𝑑)]} = 𝑚ln𝑑 − 𝑚ln𝑙

Rosin-Rammler distribution
The empirical R-R distribution function is given below, as shown in Eq. 4,
𝑑

𝐹(𝑑) = 1 − exp[−( )𝑚′ ]

(4)

𝑙′

where F(d) denotes the cumulative mass distribution, describing the fraction of fibers
shorter than d, while d represents the fiber length (mm), and m’ is the spread of fiber length,
a dimensionless parameter.
The scale parameter l’ is the fiber length. Shape parameter m’ indicates the breadth
of the fiber length distribution. These two parameters can be determined by plotting the
cumulative form of ln-ln coordinates by taking the natural logarithm of Eq. 1 twice through
linear regression to obtain Eq. 5:
(5)

ln{−ln[1 − 𝐹(𝑑)]} = 𝑚′ln𝑑 − 𝑚′ln𝑙′

The cumulative mass distribution in the R-R equation could not be replaced by
cumulative number distribution (Azzouz et al. 2008). Considering that mass distribution
cannot be obtained through optical measurement, approximate processing was necessary
(Ring and Bacon 1997). The total weight (w) of one sample with a uniform length could
be expressed through the product of number, length, and coarseness (coarseness from the
same fiber resource could be taken as a constant, coarseness Q is the mass of the fiber per
unit length, in g/m). After the approximate treatment, the corresponding distribution was
transformed into the mass-weighted distribution. The fiber mass of each length grade is
described by Eq. 6,
w (g) = n × Q × l

(6)

where w is the total weight of one sample with a uniform length (g), n is number of sample
fibers, Q is fiber coarseness (g/m), and l is the uniform fiber length (m). Thus, the
cumulative mass distribution data for the R-R fitting can be obtained.

RESULTS AND DISCUSSION
TEM Analyses of Cellulose Fibers from Sulfuric Acid Hydrolysis
TEM analyses were conducted to investigate the morphology of cellulose fibers
derived from the control sample and sulfuric acid hydrolysis samples, as shown in Fig. 1.
Fig. 1(a) exhibits the cellulose fiber shape without sulfuric acid hydrolysis; it was shown
that cellulose fiber possessed intact structure with fiber length of ca. 2 μm and width of ca.
0.1 to 0.2 μm. The fiber structure changed a little when sulfuric acid hydrolysis was applied
at 50 °C for 15 min; however, the length of fiber decreased from ca. 2 μm to 1 μm, as
shown in Fig. 1(b), and the width decreased to ca. 0.1 μm. This indicated that sulfuric acid
hydrolysis at low temperature and short hydrolysis duration has more effects on the length
of cellulose fiber. It was noted that the fiber structure was destroyed by acid hydrolysis
when the acid hydrolysis duration was extended to 45 min, as shown in Fig. 1(c). The
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surface structure of cellulose fiber was etched and hydrolyzed by sulfuric acid when the
temperature increased from 50 °C to 60 °C for 15 min hydrolysis duration, as shown in
Fig. 1(d), in which most of cellulose fibers had a length of less 0.5 μm, yet the width
changed little compared that of Fig. (c). This demonstrated that hydrolysis temperature has
a stronger effect than hydrolysis duration. Fig. 1(e) and (f) are both from acid hydrolysis
at 70 °C, and for 15 min and 60 min separately. It was shown that the fiber morphology
changed a lot once the temperature increased to 70 °C, and that most of the fiber length
decreased to less 0.5 μm, while the width may decrease to less 0.1 μm. The hydrogen bonds
between cellulose fibers were hydrolyzed, which exposed more free hydroxyl groups on
the surface of fibers. It was also shown that some fiber debris were aggregated into chunks
due to the small size by hydrogen bonding, as shown in Fig. 1(f), which reduced the lengthwidth ratio of cellulose fibers.

(a)

(b)

0.5 μm

0.5 μm

(d)

(c)

0.5 μm

(e)

0.5 μm

(f)

0.5 μm

0.5 μm

Fig. 1. TEM images of cellulose fibers derived from (a) control sample and sulfuric acid hydrolysis
samples ((b) at 50 °C for 15 min; (c) at 50 °C for 45 min; (d) at 60 °C for 15 min; (e) at 70 °C for
15 min; (f) 70 °C for 60 min)

Number-weighted Cellulose Fiber Length Distribution
Figure 1 shows the number-weighted length distribution of cellulose fibers. As
shown in Fig. 1(a), the untreated cellulose fibers had a normal distribution that showed the
minimum length of the control sample was approximately 0.25 μm, while the maximum
length was 2.0 μm. The median length was approximately 0.8 μm.
However, the number-weighted length distributions were not normal curves after
the cellulose fibers were subjected to sulfuric acid hydrolysis, as shown in Figs. 1(b), (c),
and (d). The trend curves of length distribution became lower and wider and shifted to the
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left compared to Fig. 1(a). From Fig. 1 it was concluded that: 1) all of the lengths of these
treated fibers were less than 1 μm when the hydrolysis duration was 15 min; 2) the length
of the treated fibers became increasingly shorter as the hydrolysis duration increased; 3)
the treated fibers had a narrower length distribution compared with that of the control; and
4) the length of the treated fibers was increasingly shorter as the hydrolysis temperature
increased, and almost 95% of the treated fibers had a length of approximately 0.25 μm
when the hydrolysis temperature was 70 °C and the duration was 90 min, as shown in Fig.
1(d).
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Fig. 1. Number-weighted length distribution of (a) untreated cellulose fibers and treated cellulose
fibers with sulfuric acid hydrolysis at (b) 50 °C, (c) 60 °C, and (d) 70 °C

Figure 2 shows the exponential fitting to the number-weighted length distribution
of cellulose fibers, according to Eqs. 1, 2, and 3. The data shown in Fig. 2 have been listed
in Tables S1, S2, S3, and S4 in the Supporting Information (see Appendix). Figure 2(a)
shows the exponential fitting curve to number-weighted length distribution of untreated
cellulose fibers. It shows a cellulose length of 1 μm (ln(x) = 0) as the break point dividing
the two straight lines. It was demonstrated that both the longer part (≥ 1 mm) and the shorter
part (≤ 1 mm) of the untreated cellulose fibers fit the exponential distribution well, which
corresponded with the results seen in Fig. 1(a) and Table S1. Thus, the fiber length of
untreated cellulose obeyed the exponential distribution and it was estimated via an
exponential curve.
Figure 2(b) shows the exponential fitting to number-weighted length distribution of
treated cellulose fibers with sulfuric acid hydrolysis at 50 °C. Most of the length of the
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treated cellulose fibers was less than 1 μm, as shown in Fig. 1(b). It can be noted in Fig.
2(b) that the number-weighted length distribution (experimental data) was well fitted to the
theoretical lines decided by exponential law, which indicated that it was reasonable to
estimate the cellulose fiber length distribution with an exponential law. As shown in Table
S2 and Fig. 2(b), the values of R2 decreased from 0.9999 to 0.9880 as the acid hydrolysis
duration increased from 15 min to 90 min, which indicated that as the acid hydrolysis
reaction progressed, the degree of suitability between exponential law and the fiber length
distribution was reduced, which was ascribed to the reduction of cellulose fiber length as
the reaction continued following with the disintegration of the tubular fibers.
Exponential Fitting to Cumulative Number-weighted Length Distribution of
Cellulose Fibers
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Fig. 2. Exponential fitting to number-weighted length distribution of (a) untreated cellulose fibers
and treated cellulose fibers with sulfuric acid hydrolysis at (b) 50 °C, (c) 60 °C, and (d) 70 °C

Similar conclusions can be obtained from Figs. 2(c) and (d), as well as Table S3,
and S4. It can also be concluded from Fig. 2 that the number-weighted length distributions
of treated cellulose with sulfuric acid hydrolysis at 50 °C, 60 °C, and 70 °C well fit the
theoretical lines measured by exponential law; however, the degree of suitability between
them was reduced as the reaction temperature increased.
Based on the discussion above, was concluded that the exponential law was more
suitable for describing cellulose fiber length distribution in a large-scaled size range (e.g.,
0.2 μm to 1 μm). Golombek and Rapp (1997) studied the rock particle size distribution on
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Mars using an exponential law, and found that the exponential law fit the particle size
distribution well, which was smaller than 0.2 m. The degree of suitability, however, was
reduced when the rock particles were in the 0.2 m to 0.4 m range.
Rosin-Rammler Fitting to Cumulative Mass-weighted Length Distribution of
Cellulose Fibers
Figure 3 shows the R-R fitting to the mass-weighted length distribution of cellulose
fibers, according to Eqs. 4 and 5. The fitting results shown in Fig. 3 were also derived from
Tables S1, S2, S3, and S4 in the Supporting Information. Figure 3(a) shows the R-R fitting
curve to mass-weighted length distribution of untreated cellulose fibers. It shows the
cellulose length of 1 μm (ln(x) = 0) as the break point dividing the two straight lines derived
from the R-R law. It was indicated that both the longer part (≥ 1 mm) and the shorter part
(≤ 1 mm) of the untreated cellulose fibers fit the R-R distribution well, which corresponded
with the results of Fig. 1(a) and Table S1. It was concluded that the fiber length of untreated
cellulose obeyed the R-R distribution and it was estimated via an R-R curve.
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Fig. 3. Rosin-Rammler fitting to mass-weighted length distribution of (a) untreated cellulose fibers
and treated cellulose fibers with sulfuric acid hydrolysis at (b) 50 °C, (c) 60 °C, and (d) 70 °C

Figure 3(b) shows the R-R fitting to mass-weighted length distribution of treated
cellulose fibers with sulfuric acid hydrolysis at 50 °C. Most of the lengths of treated
cellulose fibers were less than 1 μm, as shown in Fig. 1(b). It was noted in Fig. 3(b) that
the mass-weighted length distribution (experimental data) fit the theoretical lines
prescribed by the R-R law well, which indicated that it was reasonable to estimate the
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cellulose fiber length distribution using the R-R law. As shown in Table S2 and Fig. 3(b),
the values of R2 decreased from 0.9917 to 0.9859 as the acid hydrolysis duration increased
from 15 min to 45 min, and then increased to 0.9941 as the duration increased to 90 min,
which indicated that as the acid hydrolysis reaction progressed, the degree of suitability
between R-R law and the fiber length distribution was reduced first and then increased,
which was different from those of exponential law.
Similar conclusions were obtained from Figs. 3(c) and (d), as well as Table S3 and
S4. It was also concluded from Fig. 3 that the mass-weighted length distributions of treated
cellulose with sulfuric acid hydrolysis at 50 °C, 60 °C, and 70 °C fit the theoretical lines
measured by the R-R law well; however, the degree of suitability between them decreased
as the reaction temperature increased. However, the deviation degree of the R-R law was
smaller than that of the exponential law.
Compared with exponential law (i.e., the cumulative number-weighted
distribution), the R-R law (i.e., the cumulative mass-weighted distribution) showed a
higher degree of suitability to the cellulose fiber length distribution after the acid treatment.
Besides, this suitability provided some consideration for exploring the fracture mechanism
of the cellulose fiber in future studies. When the flaws in the fragmentation process are
activated continuously and independently, a random Poisson process occurs. Interestingly,
the Poisson point process yields the fragments distribution following the R-R law
(Gillespie 1992; Sousa, Jr. et al. 2011; Asztalos et al. 2012). The relationship between
exponential and R-R laws as well as the application of the two fitting functions to estimate
the cellulose fiber distribution with different treatment conditions will be discussed in the
future studies.

CONCLUSIONS
1. Two functions (exponential and Rosin-Rammler (R-R) laws) were introduced to
estimate the cellulose fiber length distribution. The results showed that the two above
laws were effective in estimating the cellulose fiber length distribution in cellulose
hydrolysis processes. Both the exponential and R-R laws fit the cellulose fiber length
distribution well after sulfuric acid hydrolysis.
2. The cumulative number distribution from Fiber Tester fit the exponential distribution
well, while the cumulative mass distribution obtained from the acid hydrolysis was
well-fitted to the R-R law via an approximation process. The reduction of cellulose
fiber length during the sulfuric acid hydrolysis weakened the suitability of exponential
and R-R laws. The R-R law was more suitable than exponential laws, especially for the
cellulose fiber length distribution in a small-scaled size range.
3. The results of this study suggested that the R-R law is a feasible way to estimate the
cellulose fiber size distribution; this method has the potential to be applied to
biorefining, cellulose nanocrystals preparation, among other things.
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APPENDIX
SUPPLEMENTARY INFORMATION
Table S1. Fitting Parameters for Exponential and R-R Laws of the Control
Cellulose Fibers Without Sulfuric Acid Hydrolysis
Parameters
R2

Length ≤ 1 mm
0.9997

Length ≥ 1 mm
0.9997

Exponential

m
l

1.0512
0.3235

1.0021
0.0233

Rosin-Rammler

R2
m’
l’

0.9998
4.3923
1.1817

0.9628
1.8025
2.1639

Models

Table S2. Fitting Parameters for Exponential and R-R Laws of Treated
Cellulose Fibers with Sulfuric Acid Hydrolysis at 50 °C
Models
Exponential

Rosin-Rammler

Parameters
R2
m
l
R2
m’
l’

15 min
0.9999
1.3983
0.1647
0.9917
2.8448
1.0221

30 min
0.9993
1.6063
0.2470
0.9881
2.4676
0.9950

45 min
0.9939
1.8337
0.3365
0.9859
2.1914
0.8803

60 min
0.9958
2.1588
0.4023
0.9923
2.1204
0.7224

90 min
0.9880
2.4903
0.4871
0.9941
2.0144
0.5886

Table S3. Fitting Parameters for Exponential and R-R Laws of Treated
Cellulose Fibers with Sulfuric Acid Hydrolysis at 60 °C
Models

Exponential
Rosin-Rammler

Parameters
R2
m
l

15 min
0.9958
2.0154
0.3442

30 min
0.9207
1.1950
0.1616

45 min
0.9797
1.6381
0.1800

60 min
0.9225
1.1908
0.1262

90 min
0.7292
0.6712
0.0467

R2
m’
l’

0.9925
2.1624
0.7243

0.9950
1.6393
0.7072

0.9952
1.9142
0.4647

0.9895
1.7533
0.5166

0.9913
1.5005
0.7040

Table S4. Fitting Parameters for Exponential and R-R Laws of Treated
Cellulose Fibers with Sulfuric Acid Hydrolysis at 70 °C
Models

Exponential
Rosin-Rammler

Parameters
R2
m
l
R2
m’
l’

15 min
0.9620
1.4314
0.1644
0.9924
1.8227
0.5197

Duan et al. (2018). “Cellulose fiber size distribution,”

30 min
0.8909
0.6042
0.0552
0.9834
1.6920
0.5198

45 min
0.9511
1.1947
0.1066
0.9904
1.8020
0.4005

60 min
0.9009
0.5129
0.0483
0.9769
1.6684
0.5297
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90 min
0.7475
0.5018
0.0278
0.9833
1.6785
0.5135
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