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ABSTRACT

In this investigation, a novel approach to separating the static and
stochastic components of paper variability data, such as mass
formation or apparent density, was developed. Based on a discrete
implementation of the continuous wavelet transform, the method
provides information about the scale of features, e. g. flocs or
streaks, as function of position within the data array in one direc-
tion. A non-rigorous, yet self-contained theoretical development
of the method was given. The main discovery in this work was to
mathematically show that, under conditions applying to a typical
paper variability data, the distribution of energy among wavelets
of different scale and at different positions, or simply, the local
energy map, can be decomposed into two different parts that con-
tain all the energy related to the static mean grammage profile or
the local stochastic variability.

In order to validate the approach and to justify its value, a set
of simulated basis weight maps with different types of streaks
were generated and analyzed successfully. This method was even
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able to decompose overlapping grammage and formation streaks,
which would have been impossible using traditional methods. As
a final demonstration, data measured from real papers made in
the laboratory and with a pilot machine were analyzed. Apparent
density maps were determined using β-radiographic transmission
imaging for mass formation and two-sided laser profilometry for
local thickness maps. The method was able to reveal floc size
variations buried into strong grammage streaks. The periodicity
and the scale of the grammage streaks were also characterized by
the decomposition of the wavelet map.

INTRODUCTION

The quality of paper depends heavily on the uniformity of material distribu-
tion, within the plane of the sheet and also through its thickness. The hetero-
geneous pore structure (<1μm) substantially influences the absorption of
inks and fountain solutions in printing. However, small-scale variations in
grammage from about 0.1 mm to 100 mm, referred to as mass formation [1],
can have a significant impact on the print quality [2–5], coating uniformity
[6], optical [7, 8] and mechanical properties [9]. The stochastic nature of the
fiber distribution within the sheet is well recognized [10]. The fibers may
exhibit an increased tendency to cluster together and increased flocculation
as compared to that found in a random distribution of fibers depending on
fiber dimensions [11, 12] forming conditions [12–14] and wet end chemistry
[15]. Numerous investigators have developed methods to measure [16–19]
analyze [10, 20–23], and model [24, 25] the manner in which fibers are distrib-
uted in the final sheet. The uniformity of the fibrous structure may be further
degraded by variability in the papermaking process. For example, determin-
istic variability in machine direction (CD) grammage may result from paper
machine vibration or non-uniform stock supply [26, 27]. Non-uniformity in
the cross machine direction (CD) may occur at large scales, as for edge effects
due to pressure imbalances in the headbox or shrinkage in the dryer section,
or at small scales such as uneven slice opening or the turbulent flows in the
headbox and forming zone [28]. Thus, the formation of paper is dependent
on a variety of factors that determine the size distribution and intensity of
features over a broad range of scale, in regular or random spatial distribu-
tions. To examine the statistically non-stationary nature of machine made
papers, methods are necessary to identify characteristic scales for these
factors.
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Cross machine non-uniformities with relatively high persistency in the
machine direction are referred to as “streaks”. The occurrence of streaks is a
serious concern for product quality from lightweight papers to board grades.
Streaks may be regularly or randomly distributed across the CD. Their pos-
ition may be essentially fixed (static), or they may be unstable and vary in
cross machine position as the sheet is examined at different locations in the
MD. Streaks are not limited to variations in grammage, but may also appear
as variations in floc size distribution (formation), mean fiber orientation [29,
30], filler or moisture content, thickness, surface roughness or even Z-
directional tensile strength [31]. While on-machine [32] and off-machine [33]
instruments are available to detect and characterize cross machine variability,
more rigorous methods are needed in order to obtain a thorough decom-
position of the contributions from the various sources that contribute to the
overall structure. This investigation applied a recently introduced approach,
the wavelet technique, for use in distinguishing the local spectral character-
istics, i. e., simultaneous scale and space analysis, of mass formation and local
apparent density of paper.

Keller et al. [34,35] introduced an analytical method based on one-
dimensional continuous wavelet transform to examine the spectral-spatial
relationship for paper variability data. The method was demonstrated using
trigonometric functions. It was validated by applying the technique to a series
of simulated images representing variations in grammage, flocculation, gradi-
ent flocculation and mean fiber orientation. To establish a frame of reference,
samples were extensively characterized by conventional statistical, formation
and spectral analyses. The continuous wavelet analysis developed in that
investigation calculated spectral density in the same units as the formation
(wavelength) spectrum of Norman and Wahren [23], while extending it to
include the spatial domain. The simultaneous scale-space representation of
the wavelet transform exhibited a lower spectral resolution as compared to
the power spectra derived from the Fourier transform. The wavelet analysis
also showed a susceptibility to individual features, which tended to confound
simple interpretation of singular local energy maps. However, a solution was
developed whereby wavelet spectral maps, determined from parallel lines
within the image were consolidated, so that local scale features in a non-
stationary image could be characterized.

Bouydain et al. [36] reported the use of discrete wavelet transforms to
conduct multiresolution analysis [37] on light formation images of paper.
That approach generates two-dimensional decompositions of the floc pattern
into a series of band-passed images of increasing resolution. The result is
quite similar to the earlier works of Johansson [38] and MacGregor et al. [39].
The structure is characterized by further analysis of the individual band-pass
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images, even into representative parameters, e. g., wavelet formation indices
[36]. The approach of Keller et al. [34] used in this study, differs significantly
from these techniques in that a one-dimensional analysis is used to character-
ize features that are statistically non-stationarity in one direction. The math-
ematical and practical differences have been detailed previously [34].

While formation measurement, both mass and light, have been a vital part
of the investigation of in-plane paper structure, it is well recognized that local
apparent density may be more directly related to certain paper properties,
such as porosity, sorption, flexural stiffness or even internal bonding. The
inability to directly correlate light and mass formation of calendered sheets
[40–42] results from the non-uniformity of apparent density and local light
scattering properties. Regions of higher density (lower porosity) are expected
to have different liquid absorption behavior as compared to lower density
regions. Accurate measurement of apparent density has eluded the paper
scientist due to the difficulty in measuring the local thickness in a manner that
is accurate and non-invasive. The introduction of a method for fine scale
mapping of thickness based on opposing displacement transducers, referred
to as opposing spherical platens, [43,44] enabled the mapping of local appar-
ent density when coupled with mass formation imaging [45]. While the utility
of this approach was evident, the spatial resolution was limited and the
platens contacted the surface, which imparted a small but finite deformation.

Contemporary methods for measuring local apparent density make use of
noncontacting laser profilometers based on either the dynamic focusing [46]
or triangulation [47] to determine local thickness. Laser range sensors are
held in opposition with the sample in between so that the roughness data
from both sides of the sheet are measured simultaneously. The sensors are
raster scanned in the plane of the sample so that an areal map is obtained.
Oba [48] used a thickness method based on a dynamic focusing range sensor
[49] to study the statistics of local apparent density variation. A method
based on laser range triangulation was used in this investigation to measure
local thickness and map the local apparent density.

The objective of this study was to explore the use of spectral analysis of
mass formation and local apparent density images to distinguish between
stable and stochastic streaking patterns within machine made papers. Specif-
ically this involves the use of a continuous wavelet transform to obtain spec-
tral energy maps of the data sets, from which novel analytical methods were
be used to make the distinction. Validation of all methods was attained by
analyzing simulated images where local mean grammage, variance of gram-
mage, and scale of flocs is controlled as a function of position in a single
(CD) direction. Laboratory and machine made papers that had notable
streak defects were tested in order to demonstrate the viability of the method.
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THEORETICAL APPROACH

Numerous investigators have analyzed the deterministic [50,51] and stochas-
tic [27,52,53] nature of paper using power spectral analysis based on Fourier
transformation of one- and two-dimensional [54] data sets. In Fourier trans-
formation, the analyzed function is decomposed into a sum of trigonometric
functions. As trigonometric functions are perfectly localized in the frequency
domain, they spread infinitely in spatial domain. This form of analyzing
functions is well suited for detecting periodicities in the data, which are
already known to have characteristic frequencies. If the analyzed function is
not periodic (e. g., a single pulse), an infinite number of analyzing functions
are needed to reconstruct it. This makes Fourier analysis, at least in its basic
formulation, rather inefficient for analyzing spatially localized defects, as in
the present case of streaks. Wavelet transform analysis has the capability to
overcome these limitations. In this section a brief, non-rigorous introduction
into the mathematical background of the continuous wavelet transform will
be provided. More detailed presentations can be found in various articles [55–
57] by other authors and our previous publications [34,35].

Analyzing Functions

Considering the problems of Fourier analysis in non-periodic cases, it is
intuitively evident that the use of a set of pulse-like analyzing functions,
localized both in spatial and frequency domains, would perform better. Wave-
let transform analysis is based on this concept. The set of analyzing functions
is called a wavelet family. Consider the one-dimensional case in which such a
family of functions, ψa,b(x) can be generated by

ψa,b(x) = |a|−1/2 ψ �x − b

a �, a,b ∈ ℜ, a ≠ 0, (1)

where ψ is called the mother wavelet, a is the scale of the wavelet (spatial
width) and b is the position (center) of the wavelet. From Equation 1 one
finds that a family of wavelets may be generated by different spatial dilata-
tions, compressions, and translations of the mother wavelet ψ(x).

There are a few restrictions [55] on the choice of the mother wavelet:
admissibility, similarity of the function in dilation and translation, invert-
ibility of the transform, and regularity, in which the function has localization
in the physical and Fourier domain. The admissibility condition requires the
basic wavelet to satisfy the relation
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Cψ = 2π �
∞

−∞

|ψ̂ (k)|2
dk

|k|
< ∞, where ψ̂(k) =

1

2π
�
∞

−∞

ψ(x)e−ikx dx, (2)

where Cψ is called the admissibility constant. Integrability of ψ(x) together
with Equation 2 implies that it has mean of zero. Therefore, in a wavelet
transform the local DC-component (local mean value of the data) is
eliminated.

Let us take a look at the Mexican hat or Marr wavelet, which we have used
in our previous publications [34,35], and in this study as the mother wavelet:

ψG2(x) = (x2 − 1) e-x2/2 (3)

This choice of the mother wavelet has been very popular in analyzing
turbulent flow and other aspects of fluid mechanics [57–61]. Figure 1a shows
wavelets of family ψG2

a,b(x) with different values of scale a. In Figure 1b,
different values of position b. are illustrated. The Mexican hat family of
wavelets is particularly suitable for finding local extrema of the data such as
flocs, voids or streaks in grammage maps of paper [35].

The wavelength of a cosine and the scale of the Mexican hat wavelet have
been shown to be related as

λ = a
2π

√2.5
. (4)

Figure 1 Family of wavelets ψG2
a,b(x) for: a) where the position factor a = 0.5, 1.0, 2.0

(solid, dotted and dashed line, respectively, and b = 0.0); and b) where the dilation
factor b = −5.0, 0.0 and 2.0 (solid, dotted and dashed line, respectively, and a = 1.0).
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Due to the familiarity of wavelength representation, we will use it to plot
the wavelet results in the following sections.

Continuous Wavelet Transform

Continuous wavelet transform is defined as an inner product between func-
tion and basis functions (similar to Fourier transform):

f̃ (a, b) = �∞

−∞
f (x)ψ*a,b(x) dx =: 〈 f, ψa,b〉, (5)

where wavelet coefficients f̃ (a, b) indicate the similarity (correlation) of f(x)
and ψa,b(x) as a function of both scale (wavelength) and position. Wavelet
transform thus gives a two-dimensional result from the analysis of a one-
dimensional data, whereas Fourier transform gives only one-dimensional
(scale) information. Energy is conserved in wavelet transform:

E = �∞

−∞
| f (x)|2 dx = C −1

ψ �∞

−∞
�∞

0
| f̃ (a,b)|2

da db

a2
, (6)

where C
−1

ψ is given by Equation 2. Local energy density ρ(a,b) is defined by:

ρ(a,b)da db = C −1
ψ | f̃ (a,b)|2

da db

a2
· (7)

It can be interpreted as a “power spectrum” at position b as a function of
scale a. Comparing Equations 6 and 7 we notice that ρ(a,b)da db is identified
as local variance of scale band [a, a + da) at position interval [b, b + db).

Numerical Implementation

By applying generalized Parseval’s theorem, the Fourier transform of Equa-
tion 3 it is straightforward to show [55] that

f̃ (a,b) = a1/2F −1 ( f̂(k)ψ̂*(ka))(b), (8)

where F −1 denotes inverse Fourier transform, f̂ (k) is Fourier transform of
function and ψ̂ (k) Fourier transform of mother wavelet. The tedious con-
volution integral, cf. Equation 5, can be thus computed more efficiently in
Fourier domain. In a discrete implementation there is an additional benefit:
small-scale wavelets are more accurately represented in wavenumber space
than in spatial representation.
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Analysis of Two-Dimensional Data

If we are interested in average one-dimensional properties, e. g. into x direc-
tion, of a two-dimensional data matrix fi(x), we can compute local energy
maps of each row of the matrix and average them. The mean energy map
〈ρ(a,b)〉 is called the composite local energy density (CLE), defined as:

〈ρ(a,b)〉da db =
C −1

ψ

a2

1

N � �
N

i = 1

| f̃i (a,b)|2�da db = dCab =
C −1

ψ

a2
〈| f̃i (a,b)|2〉da db, (9)

where N is the number of rows of the matrix.

Decomposition of CLE into Static and Stochastic Components

From the perspective of scale analysis, each line of a stochastic two-
dimensional data matrix (such as grammage map), can be considered as a
sum of a static profile and stochastic variation. Let us define

h(x) := 〈 fi (x)〉, (10)

where fi(x) is the ith row of the data matrix, and 〈 〉 means averaging over the
rows.

Now we can write

fi (x) = h(x) + gi (x), (11)

where h(x) is the static profile, and gi(x) is the stochastic signal whose scale
variations we are interested in determining. From. Equations 10 and 11 we
find that 〈gi(x)〉 = 0. The mean total energy of the matrix is

〈Ei 〉 = 〈 �
∞

−∞

| fi (x)|2 dx〉 = �
∞

−∞

〈 fi
2(x)〉dx, (12)

because fi (x) ∈ � and fi
2(x) ≥ 0. The integrand can be written as

〈 fi
2(x)〉 = 〈h2(x) + 2h(x)gi (x) + gi

2(x)〉 = h2(x) + 2h(x)〈gi (x)〉 + 〈gi
2(x)〉

= h2(x) + 〈gi
2(x)〉. (13)

Using Equations 6, 10 and 13 and the fact that gi
2(x) ≥ 0 we can write

Equation 12 as
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〈Ei〉 = �
∞

−∞

h2(x)dx + �
∞

−∞

〈gi
2(x)〉dx

= C −1
ψ �∞

−∞
�∞

0
|h̃(a,b)|2

da db

a2
+ C −1

ψ �∞

−∞
�∞

0
〈|g̃i(a,b)|2〉 

da db

a2

= C −1
ψ �∞

−∞
�∞

0
( | 〈 f̃i 〉(a,b)|2 + 〈|g̃i (a,b)|2〉 )

da db

a2
(14)

Comparing Equations 9 and 14 we find that

〈ρ(a,b)〉 =
C −1

ψ

a2
( | 〈 f̃i 〉(a,b)|2) +

C −1
ψ

a2
(〈 |g̃i (a,b)|2〉) =: ρh(a,b) + 〈ρg(a,b)〉. (15)

It was thus shown that the composite local energy density decomposes into
parts related to the static mean profile and to the stochastic local variation.
When we are interested in local variation, we would prefer to study the
composite stochastic local energy density (CSLE) 〈ρg(a,b)〉 rather than 〈ρ(a,b)〉.

If the data matrix is a result of a random deposition process, as in the case
of paper [10, 62] the variances σ2(x) (or energies) of all scales are all pro-
portional to the number N(x) of deposited objects, i.e. fibers or flocs. On the
other hand, 〈 fi (x)〉 is proportional to N (x). Therefore, one can more easily
visualize coherent scale structures by studying the composite normalized
stochastic local energy density (CNSLE) given by

〈ρg
N(a,b)〉 =

〈ρg(a,b)〉
〈 fi (b)〉 

=
1

〈 fi (b)〉 
C −1

ψ

a2
( 〈 | f̃i (a,b)|2〉 − | 〈 f̃i 〉(a, b)|2). (16)

Looking at the units of this expression one finds that it is equivalent to the
formation number defined in [53]. For practical plotting purposes (color pro-
portional to energy rather than energy density) one defines the composite
local energy (CLE) map from earlier work of Keller et al. [34, 35] as
〈ρ(a,b)〉dadb; the composite normalized stochastic local energy (CNS-LE) map
as 〈ρg

N(a,b)〉dadb; and the static mean profile local energy (SMP-LE) map as
ρh(a,b)dadb.
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EXPERIMENTAL

Materials

Hand sheets with imposed non-uniformity of flocculation, to imitate streak-
ing, were prepared using a modification of the TAPPI standard method T-
205. An apparatus was constructed to divide the volume of a standard British
handsheet mold into three sections using two parallel baffles positioned verti-
cally. By treating the fibrous suspension differently in the center section, as
compared to the two outer sections, handsheets with distinct strips with con-
trolled non-uniformity could be made. To obtain a handsheet with a strip of
higher or lower grammage in the center, greater or lesser amounts of fibrous
suspension were added to the center section. A strip with different formation
(flocciness) was generated by agitating the center and the outer sections to a
greater or lesser extent. Both procedures were combined to obtain handsheet
samples with strips with different grammage and formation. Handsheets were
composed of unbeaten, bleached softwood kraft (BSWK).

The machine made samples were supplied by a company that generated the
sample on a pilot paper machine under conditions that created streaking. The
samples were made of bleached softwood kraft with no filler and had a mean
grammage of 42 g/m2.

Formation Measurement

The grammage maps for the handsheet and machine made paper samples
were determined using β-radiographic imaging using the procedure described
by Keller and Pawlak [63]. In this method, the paper sample was held in
compression between a 14C radiation source with spatially uniform activity
and a photostimulable storage phosphor screen. Following exposure, the
storage phosphor screen was digitized using a PhosphorImagerSItm scanning
instrument manufactured by Molecular Dynamics (Sunnyvale, CA). The
radioactive source consisted of a 102 mm × 102 mm × 1 mm PMMA film
labeled with 14C (Amersham Co., UK) with a total activity of 6.17 mCi. The
surface activity of the source was determined to be 11.8 ± 0.1 mCi/m2 by
calibrating with an NBS traceable 14C reference source #1692, NES-264
(NEN Products, Dupont). The source was affixed to the flexible backing of
an exposure cassette supplied with the storage phosphor instrument.

At the end of the exposure period, screens were transferred directly to the
PhosphorImager for development and digitization. The screens were
scanned at a 100 μm pixel size in this investigation. The instrument was
calibrated to convert gray levels to grammage using a Mylar step wedge. The
storage phosphor system had a linear response to beta ray exposure that
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spanned more than three orders of magnitude, which made it quite sensitive
∼0.1 g/m2.

Spatial uniformity of the source / screen combination was determined to be
within about 3% across the 100 mm span. Spatial uniformity is critical for the
streak analysis proposed in this study. Correction of spatial non-uniformity,
as may be necessary for camera scanning of X-ray film [18, 64] by using
corrective masks, may correct the intensity of the grammage profile, but will
also affect the contrast so that a variation in the floc contrast will also be
affected. This results in an unwanted artifact that may be interpreted as part
of the paper structure. The use of a spatially uniform source and imaging
system is essential.

Local Thickness Measurement

The local thickness of paper samples was mapped using an instrument based
on two sided, laser profilometry. The paper was held between two range
sensors held in opposition, while scanning both sides simultaneously. The
laser range sensors (DRS-300, Cybermetrics Corp., Minneapolis, MN) detect
distance to the surface using triangulation of the laser beam at a 35° incident
and 35° reflected angle. The sensors have a detection limit of 0.35 μm, and an
operating resolution of 1 μm. Beam spot size is nominally 20 μm. To accom-
modate severe out of plane deformation of the sample, the coarse scale range
of both laser sensors was adjusted using positioning stages. Local thickness
was measured pointwise over a region of the sample by moving the range
sensors in a raster pattern across the in-plane area of the sample using posi-
tioning stages with 1 μm resolution over a 6-inch range. The instrument was
isolated from vibrations using an optical table, and air currents in an
environmental chamber where Tappi Standard conditions were held for the
duration of the test. Control of the laser and positioning stages, and data
acquisition was conducted using a computer workstation. In addition to
mapping the local thickness, the out of plane deformation of the centerline of
the paper, referred to as the mean out of plane deformation, was also mapped.

Local Apparent Density

Local apparent density was determined by reducing the grammage by the
thickness, pointwise over the area of measurement, i.e., 50 mm × 50 mm. The
samples were marked with registration points and imaged to obtain a gram-
mage map with a 100 μm pixel size. After thickness was mapped to the same
resolution, a digital algorithm registered images and the calculation of local
apparent density was performed.
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GENERATION OF SIMULATED FLOCCULATED GRAMMAGE
MAPS

In order to study streaks in paper, a natural starting point is to use totally
controlled samples generated by computer simulation. Our simulation
model generates a two-dimensional, discrete grammage map by depositing
individual fibers on a continuous plane and then projecting these fibers to a
discrete matrix of arbitrary resolution (element size). This enables us to
study the effect of different apertures of formation measurements. In this
work the element size was always 100 μm. Fibers, whose dimensions and
coarseness can be set to represent real fibers, are deposited randomly
according to a preset state of flocculation and orientation. The fibers are
assumed to be uniformly rectangular with length, l, and width, w. Mean
fiber orientation angle θ of fibers can have any real value between 0 and π.
In Figure 2 we show a close-up of a few fibers projected on a discrete
matrix.

Formation is controlled by floc size in our model. Flocs of different size
are generated by depositing fibers inside elliptical areas referred to as elem-
entary flocs. These elementary flocs that are the target of deposition are
already randomly distributed on the plane before fiber deposition. Floc size
is controlled by the primary, a, and secondary, b axes of these ellipses. In
Figure 2b we show some elementary flocs into which the fibers have been
deposited. These have close resemblance to flocs that may be found in fiber
suspensions.

When realistic grammages are simulated, there are a very large number of
flocs to be deposited, e.g., for 10 cm square area generated at grammages
of the order of 80 g/m2there are millions of fibers. While the examples of
networks shown in Figure 2 appears to be very sparse, more realistic-looking
grammage maps are generated from depositions of realistic numbers of
fibers. In Figure 3 we show three different grammage maps with mean gram-
mage of 40 g/m2. The first one, Figure 3a, represents a uniformly random
network that may correspond to a laboratory prepared handsheet. The cases
shown in Figure 3b and 3c correspond to elementary floc sizes of l/2 and l,
respectively. The changing state of flocculation is evident.

Control of Formation and Grammage in CD

In the earlier work by Keller et al. [35] a method for generating gradients of
flocculation within simulated sheets was established. Expanding on this con-
cept to more closely approximate real systems, we now enable grammage and
floc size to be controlled independently using target profiles that are given by
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arbitrary functions of CD position. Also, a gradient in fiber concentration
across flocs is introduced, allowing us to control the density profile of the
flocs. These tunable profiles give us tremendous possibilities for simulation of
different types of streaks. Figure 4 shows an example of the profiles used to
generate streaks. The grammage profile was set by the relative probability
g(x) for floc deposition. From Figure 4a we observe that there was one
grammage streak to be created at position x = 50 mm with grammage that
was 75% of the grammage outside the streak. The floc diameter profile d(x)
shows that there was one floc size streak at position x = 145 mm. In the streak
d = 3.3 mm and outside the streak d = 6.6 mm. These flocs were generated to
have the same density, i. e., the number of fibers per floc n(x) was chosen to
be proportional to the area (proportional to d 2(x)) of the floc. Figure 4b

Figure 2 Projection of a) individual fibers onto a discrete matrix, and b) some
elementary flocs with fibers deposited in them.
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shows the generated flocculated fiber network sample at an early (4 g/m2)
phase of floc deposition, which clearly illustrates how different kinds of flocs
start to aggregate at different CD positions according to the target profiles
g(x), d(x) and n(x). The mean and standard deviation profiles of grammage
of the final sample (40 g/m2) are shown in Figure 4c.

Figure 3 Different formations with mean grammage 40 g/m2 a) random sheet; b)
elementary floc diameter lf /2 ; c) elementary floc diameter lf ; d) Grammage

distributions for images a), b) and c) (solid, dotted, dashed, respectively).
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Figure 4 Generation of streaks a) The target profiles for relative grammage g(x)
[dimensionless], floc diameter d(x) [mm], and number of fibers per floc [dimensionless]
control the size and number and density of flocs to be deposited randomly; b) An
early (4 g/m2) phase of floc deposition shows how different kinds of flocs start to
aggregate at different CD positions; c) The mean grammage gsm(x) [g/m2] and
standard deviation σ(x) [g/m2] profiles for the final basis weight map of mean

grammage 40 g/m2.
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VALIDATION OF THE THEORETICAL APPROACH USING
SIMULATED STREAKS

Decomposing streaks into grammage and formation components In order to
verify the usefulness of Equations 16 and 17 for decomposing C-LE maps
into contributions from the mean grammage profile and the local stochastic
scale variations, a set of simulations were performed. To achieve reasonable
statistical certainty, a large number of samples were analyzed for each
experimental point. Table 1 summarizes details of our simulations.

Figure 5 shows the analysis of simulated grammage maps having either a

Figure 5 a) Mean grammage streak; b) formation (floc size) streak. From top to
bottom: grammage map; mean grammage profile; composite local energy map
〈ρ(a,b)〉dadb, cf. Eq. (6); and composite normalized stochastic local energy map
〈ρg

N(a,b)〉dadb, cf. Eq. (17). It is evident that the effect of mean grammage profile is
effectively removed using CNSLE map without influencing energy distribution related

to floc size variation.
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grammage streak, cf. Figure 5a, or a floc size streak, cf. Figure 5b. The mean
grammage was 40 g/m2in both of these cases. The elementary flocs in this case
had diameter of two fiber lengths, i.e., d = 6.6 mm. The basis weight of the
grammage streak was 75% of the basis weight outside the streak. The 50 mm
wide streak was positioned at the center (x = 102.4 mm), and is clearly visible
in the grammage map shown in Figure 5a. The mean grammage profile of the
data set, calculated from 10 samples is shown below the grammage map. The
C-LE map of this data set, shown in the center, plots the scale as a function
of position across the image. The effects of the grammage streak are clearly
evident. A generally uniform spectral concentration, with peak at 110 mm, is
disrupted in the center with a node in excess of 200 mm and a decrease in
spectral density at finer scales. In the bottom Figure the CNS-LE map is
shown. It is evident that any artifacts attributable to decreased grammage
within the streak are absent, and the energy band is continuous through the
position axis.

In the grammage map with the formation streak, shown in Figure 5b, the
streak is much less apparent. Upon close inspection, one may notice coarser,
“cloudier” flocs in the center, bracketed by finer flocs on either side. This
image has a relatively flat grammage profile. In the C-LE map there is a shift
of energy from lower wave-lengths to higher wavelengths. However, this type
of streak does not influence the wavelengths between 0.1 mm and 1 mm. The
CNS-LE map for the formation streak looks identical to the C-LE map.
There only occurs a removal of energies related to small local mean gram-
mage peak located at x ≈ 125 mm. These two examples clearly demonstrate
that the CNS-LE map has the ability of negating effects resulting from a non-
uniform mean grammage profile.

To explore this hypothesis under more demanding situations, we simulated,
within the same image, overlapping mean grammage and floc size streaks, as
shown in Figure 6. The target profiles of grammage, g(x) , and floc diameter
d(x), respectively, are shown in the top graph of that figure. Zones 1 through
9 identify positions where the streaks exist individually, where they are com-
bined, and where transitions occur. The grammage map directly below
reflects the intent of the applied profiles. At first glance, it is difficult to see the
two different, overlapping streaks. However, the effect of the formation
streak, in the form of cloudier, more diffuse flocs may be seen to the immedi-
ate right of the darker grammage streak. The C-LE map shown just below the
grammage map has an interesting pattern, where the effects of the streaks on
the spectral energy are evident, but not easily interpreted. To determine the
validity of Equation 16 we separated the C-LE map into the static compon-
ent, shown as the SMP-LE map in Figure 6b, and the stochastic component
as the CS-LE map in Figure 6c. For the static component, (Figure 6b) the
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Figure 6 Overlapping grammage and formation streaks. a) From top to bottom:
target grammage profile (solid line), floc diameter profile (dotted line); grammage map
and composite local energy map 〈ρ(a,b)〉dadb; b) Static Component, target profiles and
static mean profile local energy map ρh(a,b)dadb; c) Stochastic Component, target
profiles, composite stochastic local energy map 〈ρg(a,b)〉dadb, and composite normalized

local energy map 〈ρg
N(a,b)〉dadb.
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long-wavelength energy band defines the boundaries of the grammage streak
occupying zones 2 through 6. For the stochastic component (Figure 6c), the
intermediate CS-LE spectrum (top) and the more useful normalized CNS-LE
map (bottom) are shown. The latter energy map shows the influence of the
formation streak, with the effects of the grammage streak removed. A com-
parison of the lowest Static and Stochastic spectral plots reveals that a clean
separation of the spectral responses of the two types of streaks was success-
fully achieved. Furthermore, the wavelength values for the spectral peaks,
which is representative of the floc size distribution contained within the
streaks as a function of position, was determined. This allows us to easily
analyze structural scale variation independent of the mean grammage profile.
This analytical tool may be used to determine the origin of statistically
non-stationary variation features in papers and boards.

RESULTS FOR ANALYSIS OF PAPERS WITH STREAKS

Examples of the application of the described analytical method, based on
wavelet theory, are given by the analysis of laboratory and machine made
papers that are known to have unidirectional non-uniformity in grammage
and/or formation. Although the intensity of the defects exceeds generally
accepted quality limits, the scale of the flocs, and the magnitude of the vari-
ance reasonably reflect results that can be expected in an assessment
conducted under real circumstances.

Laboratory Handsheet

Figure 7 shows the results for the analysis of a hand sheet prepared with a
center region that is higher in grammage and has been allowed to flocculate.
Thus we would expect both the static and stochastic components to represent
these differences. The directionality of the non-uniformity is clearly evident
in the grammage map at the top. However, while it may be possible to perceive
differences in floc scale, and the contrast difference associated with increased
grammage variation within the streak, with existing formation analytical
methods, it is quite unlikely that a quantification of these two would be
possible. The spectral plot shown directly below the mean grammage profile is
the SMP-LE map indicating the grammage intinsity. Both plots show the
pattern of increased grammage, from which the dimensions can be easily
obtained. The spectral plot shown at the bottom is the CNS-LE map of the
stochastic component. In this plot, there are intense peaks in the center which
result from the sensitivity to the discrete features in the grammage map. While
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Figure 7 Streaked Handsheet sample a) Grammage Map and b) Apparent Density
Map. From top to bottom: maps, mean CD profile, Static Component, static mean
profile local energy map, Stochastic Component, composite normalized local energy map.

  



the size of these features can be determined, clear imaging of the change in
floc size is overwhelmed. On closer inspection, a subtle arc can be seen, rising
from lower values at the edges to higher values in the center, which is an
indication of the true variation in floc scale. Domination of these plots by
individual features, as in this example, is a consequence of insuffienct sample
size to negate the effects of such features. An example of adequate sampling is
given for the machine made paper.

Pilot Machine Made Paper

Figure 8 shows the results obtained from the analysis of paper made on a
pilot machine, where streaks were present. A larger area was tested as com-
pared to the handsheet above. As can be seen in the grammage map, the
streaks are well formed and relatively stable (within the sampling region). The
machine direction is oriented vertically. The mean grammage profile and
C-LE map directly below, show a pattern which suggests two principal wave-
lengths of flocs. Three streaks with wavelengths of about 50 mm are visible,
and represent a static. In the mean grammage profile, variance about the
streak sawtooth pattern is also apparent. The C-LE map quantifies the mean
size of these two patterns, which can be seen as the row of circular peaks, and
the ridge of elongated peaks centered at about 2–3 mm. While individual
features are apparent, their size does not dominate the image, as was the
situation with the laboratory sheet discussed above. Thus, the general
structural differences will more clearly visible in the spectral plots. This is also
a nice demonstration of the need to have sufficient sampling in order to
conduct a proper analysis.

The two lower spectral plots show the isolated static component, SMP-LE
map (left) and the stochastic component, CNS-LE map. A clean separation
of the two components was achieved. The SMP-LE map shows the energy
related to the wavy character of the grammage variation. A subtle decrease in
wavelength and intensity of the streaks, from image left to right, may be seen.
The CNS-LE map has also a very rich structure of its own where the floc
structure (formation) of the paper can be seen as the ridge of spectral peaks
with λ intercept of about 2–3 mm. It also shows, for example, that at positions
50–75 mm the mean floc size is decreased independent of the local grammage
profile, while floc intensity increases toward the right side of the image.

A different pilot machine sample was analyzed by applying the wavelet
theory and comparing grammage and apparent density maps. Figure 9 shows
the results for a) grammage, and b) apparent density. The sampling region is
smaller (50 mm) than what was shown in Figure 8 (200 mm). For the gram-
mage map, the mean grammage profile, and the static component and
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Figure 8 A paper sample from a pilot machine test run. streaks. a) From top to
bottom: grammage map, floc diameter profile, composite local energy map; b) Static
Component, static mean profile local energy map; c) Stochastic Component, composite

normalized local energy map.
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Figure 9 Pilot machine sample a) Grammage Map and B) Apparent Density Map.
From top to bottom: maps, mean CD profile, Static Component, static mean profile

local energy map, Stochastic Component, composite normalized local energy map.
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stochastic component maps (Figure 9 from top to bottom), the results are
much the same as discussed above. The large-scale streak artifacts are isolated
in the SMP-LE map, and the underlying formation structure is illustrated in
the CNS-LE map.

Figure 10 shows the thickness map and the mean thickness values, as
determined using the twin laser system. This thickness map was used to
determine the apparent density map shown in Figure 9b. Figure 10 also pro-
vides a representation of the out of plane deformation that was determined
for this sample. Note the ridge that exists at the 40 mm position. This was
visible to the unaided eye.

The map shown in Figure 9b suggests a relatively uniform apparent dens-
ity. Since this paper was uncalendered, this would be expected. Several of the
large-scale features are visible in the SMP-LE map. Again, the limited sample
set may make this data more subject to influence by individual features. The
subtle differences between the peak locations cannot be attributed to actual
differences in the structure. However, the stochastic component (CNS-LE),
shown in the bottom spectral plot, shows spatial variation in apparent
density. Two large clusters, centered at 27 mm and 47 mm are apparent. Since
there does not appear to be a correlation with the grammage map results, the
differences must be due to differences in the internal structure.

CONCLUSIONS

A novel method for distinguishing between static and stochastic features in
paper variability data was presented. The method made use of the spectral-
spatial energy maps generated using a discrete implementation of a continu-
ous wavelet transform of one dimensional series contained within the sample
array. The theoretical basis for this method was presented.

In order to validate the method, simulated mass formation images contain-
ing streaks with different mean grammage or mean floc size, or combinations
of the two. The method could clearly distinguish between the two types of
streaks, and provided quantitative information about mean grammage
values, floc size distribution, intensity of variance and the positions where
any transition was occurring.

To demonstrate the application of this method, laboratory handsheets
were prepared with different types of streaks within the sample. After
imaging using β-radiographic imaging using storage phosphor detection sys-
tem, samples were analyzed. While both the static and stochastic components
were present, the large feature size tended to interfere with the wavelet
transform analysis since individual features dominated the results.
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Figure 10 Pilot machine sample; a) Local Thickness Distribution and Mean CD
Profile; b) Out of Plane Deformation.

 



Pilot machine made papers that showed streaking were also analyzed for
mass formation and local apparent density. The sample size was larger which
improved the results obtained from wavelet analysis. The nodes of streaks,
which were static in nature, were quite evident and the wavelength was easily
determined from spectral density using wavelet analysis. The floc size distri-
bution of the mass formation, independent of streaks, was also easily visible
on inspection of the spectral plots, especially the manner in which the size
changed as a function of position.

The local apparent density was determined from mass formation imaging
and thickness mapping. Both the static and stochastic components of density
appeared independent of the streaks in the pilot samples. However, anomal-
ies that were oriented perpendicular to the streak did appear in density maps.
These appeared as a slight density increase that was associated with an out of
plane deformation.
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Patrick Gane Omya AG

May I congratulate on picking up the concept of wavelet transforms in
dealing with this problem. Some years ago when I was faced with looking at
surface profile roughness and realising that there was a stochastic compon-
ent, the way I tackled it was to abandon the Fourier transform and move to
square wave functions and operate those over very short correlation lengths.
Essentially what you have here is part of a wave which is over a short
correlation length. You showed that in fact it is indeed something of a
compromise because of the uncertainty principle, and when you came to
describe your de-convolution between repeatable patterns and stochastic
patterns you were able to cope with rather simple repeat patterns however I
think that in many surfaces and paper surfaces there may be more complex
repeat patterns rather than some of the simple ones you looked at such as
the wire marks and the streaks. I wonder if it would be possible to combine
the two techniques. One would be to use either Fourier or other wave trans-
forms look at the decay of correlation of these continuous functions. The
decay of correlation would be able to tell you which continuous functions
had a long correlation on the surface and were therefore relevant to repeat
patterns. These could in fact then be subtracted from the main image leaving
you only the stochastic information which you could then deal with using
your wavelet theory and perhaps then be able to de-convolute even more
complex systems.
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Markku Kellomäki

Yes, for example removing wire marks, many of us know it is very a difficult
task. It has been tried many times through cosine transform to extract peaks
and delete them and transform back to get only the stochastic data, but it has
failed because the amplitude is not constant. The amplitude of the periodic
function is not constant over the whole range, and I think wavelet transforms
could help in that sense. Also there are many other local spectral analysing
methods and we are now trying something that is very mathematical, that I
am not familiar with – my co-worker is working on that. It is based on
modelling with Gaussian functions the whole formation image and then from
there deduce the local wire mark intensity.

Patrick Gane

Yes even if you were to consider a Gaussian distribution of the correlation
lengths you could then use that for the criterion for subtraction of the Fourier
transform leaving you free then to do your wavelets on the stochastic part.

John Parker Consultant

I too would like to congratulate you on your presentation of the wavelet
approach, but I must point out, in fairness to others that have used Fourier
methods, that they could also have analysed the variations caused by streaks
that are given as an example in this paper. It is necessary only to scan slowly
across the width of a moving paper web and at intervals to measure the mean
grammage and also to compute a spectrum of the MD grammage variation.
A plot of this grammage would reveal streaks of heavy or light paper, while
the shapes of the spectra would indicate the presence of streak where the flocs
differed from the norm either in size or in intensity. More details of this
approach may be found referenced in papers by Kenny Corscadden whose
work was mentioned by M.H. Waller in the 5th session of the Symposium.

Ramin Farnood University of Toronto

I have a comment regarding the simulated paper in which you used model
flocs. I wanted to caution you that statistics of real paper would be substan-
tially different from a structure made of single size flocs. That was demon-
strated in 1995 in a paper that we published and in 1997, so in order to extract
useful information from your simulation, you would need to consider the
distribution of floc sizes which is in fact very easy to implement in the model
that you have.

Session 8

Discussion



Markku Kellomäki

In this case we start the simplest way and of course it is trivial to introduce
fibrel length distributions, fibre curl distributions, floc size distributions, all
kinds of things to improve digital paper, but I still can see even in this case in
which the elementary flocs were of the same size, they did have some random
roughness around them thermo-period. In the wavelet domain there is some
spread of energy, so there will be a further spread due to these distributions,
but I think that it won’t change, if you have enough data, the conclusions
shown here.

12th Fundamental Research Symposium, Oxford, September 2001

Characterization of Non-stationary Structural Non-uniformities in Paper
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